Compact Operators on Hilbert right modules by Constantinescu, Corneliu
ar
X
iv
:1
40
3.
67
24
v1
  [
ma
th.
OA
]  
26
 M
ar 
20
14
Compact operators
on Hilbert right modules
Corneliu Constantinescu
Abstract
We generalize some results on compact operators on Hilbert spaces
to ”compact” operators on some Hilbert right W*-modules. We present
in this frame the Schatten decomposition of the compact operators,
the trace, the Banach Lp-spaces and their duality, the Hilbert-Schmitt
operators, and the integral operators as an example of Hilbert-Schmitt
operators.
AMS classification code: 46L08
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0 Notation and terminology
In general we use the notation and terminology of [C]. In the sequel we
give a list of such notation and terminology from [C] used in this paper.
1. IK denotes the field of real numbers IR or the field of complex numbers
IC. The whole theory is developed in parallel for the real and complex
case, but the proofs coincide. Z denotes the set of integers, IN denotes
the set of natural numbers (0 6∈ IN) and we put for every n ∈ IN,
INn := { k ∈ IN | k ≤ n } .
An initial segment of IN is a subset N of IN such that given m ∈ IN
and n ∈ N , with m < n, then m ∈ N . IR+ denotes the set of positive
real numbers (0 ∈ IR+).
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2. If A is a set then idA denotes the identity map of A.
3. If E is a Banach space then E# denotes the unit ball of E:
E# := { x ∈ E | ‖x‖ ≤ 1 } .
If T is a compact space then C (T,E) denotes the Banach space of
continuous maps T → E (endowed with the supremum norm). We put
C(T ) := C (T, IK).
4. Let E be a C*-algebra. We denote by E+ the set of positive elements
of E and put E#+ := E+ ∩ E
#. If E is unital then 1E denotes its unit.
For x ∈ E, σ(x) denotes the spectrum of x.
5. If I is a set, then l2(I) denotes the Hilbert space of square summable
families in IK indexed by I, L (l2(I)) the W*-algebra of operators
l2(I)→ l2(I),
and K (l2(I)) the C*-subalgebra of L (l2(I)) of compact operators.
6. δij denotes Kronecker’s symbol:
δij :=
{
1 if i = j
0 if i 6= j
.
7. Let E be a C*-algebra and H a Hilbert right E-module. We denote by
L (H) the Banach space of operators H → H , by LE (H) its Banach
subspace of adjointable operators, which is a C*-algebra, and by KE(H)
the C*-subalgebra of LE (H) of ”compact” operators. For all ξ, η ∈ H
we denote by 〈 ξ | η 〉 their scalar product and put
ξ 〈 · | η 〉 : H −→ H , ζ 7−→ ξ 〈 ζ | η 〉 .
Throughout this paper we denote by T a compact hyperstonian
space ([C] Definition 1.7.2.12), by E := C(T ) the C*-algebra of con-
tinuous scalar valued functions on T (by [C] Theorem 4.4.4.22 c⇒a,
E is a W*-algebra), by K a selfdual Hilbert right E-module, by
(pι)ι∈I a family of orthogonal projection of E such that K is isomor-
phic to
W
©|
ι∈I
pιE ([C] Proposition 5.6.4.10 a)), and put H := ©|
ι∈I
pιE
(by [C] Proposition 5.6.4.1 c), H is a Hilbert right E-module)
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1 The C*-algebra KE(H)
Definition 1.1 We define ψ and for every t ∈ T , ψt and ϕt by
ψ : l2(I) −→ H , ζ 7−→ (ζιpι)ι∈I
ψt : H −→ l
2(I) , ξ 7−→ (ξι(t))ι∈I ,
ϕt : LE (H) −→ L
(
l2(I)
)
, u 7−→ ψt ◦ u ◦ ψ.
Proposition 1.2 For every ξ ∈ H the map
T −→ l2(I), t 7−→ ψtξ
is continuous.
Let ε > 0. There is a finite subset J of I such that∑
ι∈I\J
|ξι(t)|
2 < ε
for all t ∈ T . For t, t′ ∈ T ,
‖ψtξ − ψt′ξ‖
2 =
∑
ι∈I
|ξι(t)− ξι(t
′)|2 ≤
≤
∑
ι∈J
|ξι(t)− ξι(t
′)|2 + 2
∑
ι∈I\J
|ξι(t)|
2 + 2
∑
ι∈I\J
|ξι(t
′)|2 ≤
≤
∑
ι∈J
|ξι(t)− ξι(t
′)|2 + 4ε,
and this implies the assertion.
Proposition 1.3 Let t ∈ T .
a) ψt ◦ ψ ◦ ψt = ψt .
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b) For ξ, η ∈ H and ζ ∈ l2(I),
〈ψtξ |ψtη 〉 = (〈 ξ | η 〉)(t),
〈ψtξ | ζ 〉 = 〈ψtξ |ψtψζ 〉 = (〈 ξ |ψζ 〉)(t).
c) For every u ∈ LE (H),
ψt ◦ u ◦ ψ ◦ ψt = ψt ◦ u.
d) For u, v ∈ LE (H),
ϕt(uv) = (ϕtu)(ϕtv).
e) For every u ∈ LE (H),
ϕtu
∗ = (ϕtu)
∗.
f) For ξ, η ∈ H,
ϕt(ξ 〈 · | η 〉) = (ψtξ) 〈 · |ψtη 〉 .
a) and b) are easy to see.
c) For ξ ∈ H , by a), ψt(ξ − ψψtξ) = 0. Let ε > 0. By Proposition 1.2,
there is a neighborhood U of t such that ‖ψt′(ξ − ψψtξ)‖ < ε for every t
′ ∈ U .
Let x ∈ E#+ with x(t) = 1 and x = 0 on T \U . Then ‖(ξ − ψψtξ)x‖ < ε and
‖(u(ξ − ψψtξ))x‖ = ‖u((ξ − ψψtξ)x)‖ ≤ ε ‖u‖ ,
‖ψt(u(ξ − ψψtξ))‖ = ‖ψt((u(ξ − ψψtξ))x)‖ ≤ ε ‖u‖ .
Since ε is arbitrary,
ψtuξ = ψtuψψtξ , ψt ◦ u = ψt ◦ u ◦ ψ ◦ ψt.
d) For ζ ∈ l2(I), by c),
(ϕtu)(ϕtv)ζ = ψtuψψtvψζ = ψtuvψξ = (ϕt(uv))ζ,
(ϕtu)(ϕtv) = ϕt(uv).
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e) For ξ, η ∈ l2(I), by b),
〈 ξ | (ϕtu)
∗η 〉 = 〈 (ϕtu)ξ | η 〉 = 〈ψtuψξ |ψtψη 〉 = (〈 uψξ |ψη 〉)(t) =
= (〈ψξ |u∗ψη 〉)(t) = 〈ψtψξ |ψtu
∗ψη 〉 = 〈 ξ | (ϕtu
∗)η 〉 ,
(ϕtu)
∗ = ϕtu
∗.
f) For ζ ∈ l2(I), by b),
ϕt(ξ 〈 · | η 〉)ζ = ψt((ξ 〈 · | η 〉)ψζ) = ψt(ξ 〈ψζ | η 〉) = (ψtξ)(〈ψζ | η 〉)(t) =
= (ψtξ) 〈ψtψζ |ψtη 〉 = (ψtξ) 〈 ζ |ψtη 〉 = ((ψtξ) 〈 · |ψtη 〉)ζ,
ϕt(ξ 〈 · | η 〉) = (ψtξ) 〈 · |ψtη 〉 .
Corollary 1.4
a) The map
LE (H) −→
∏
t∈T
L
(
l2(I)
)
, u 7−→ (ϕtu)t∈T
is an injective C*-homomorphism.
b) u ∈ LE (H) is positive iff ϕtu is positive for all t ∈ T .
a) By Proposition 1.3 d),e), the map
LE (H) −→
∏
t∈T
L
(
l2(I)
)
, u 7−→ (ϕtu)t∈T
is a C*-homomorphism. Let u ∈ LE (H) such that ϕtu = 0 for all t ∈ T . For
ξ ∈ H and t ∈ T , by Proposition 1.3 c),
ψtuξ = ψtuψψtξ = (ϕtu)ψtξ = 0 , uξ = 0 , u = 0,
so the above map is injective.
b) follows from a).
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Proposition 1.5
a) For every u ∈ KE(H) the map
u¯ : T −→ K
(
l2(I)
)
, t 7−→ ϕtu
is continuous.
b) The map
KE(H) −→ C
(
T,K
(
l2(I)
))
, u 7−→ u¯
is an injective C*-homomorphism.
a) Let ξ, η ∈ H and t, t′ ∈ T . By Proposition 1.3 f),
ϕt(ξ 〈 · | η 〉)− ϕt′(ξ 〈 · | η 〉) = (ψtξ) 〈 · |ψtη 〉 − (ψt′ξ) 〈 · |ψt′η 〉 =
= (ψtξ) 〈 · |ψtη 〉 − (ψtξ) 〈 · |ψt′η 〉+ (ψtξ) 〈 · |ψt′η 〉 − (ψt′ξ) 〈 · |ψt′η 〉 =
= (ψtξ) 〈 · |ψtη − ψt′η 〉+ (ψtξ − ψt′ξ) 〈 · |ψt′η 〉 ,
so by [C] Proposition 5.6.5.2 a),
‖ϕt(ξ 〈 · | η 〉)− ϕt′(ξ 〈 · | η 〉)‖ ≤
≤ ‖(ψtξ) 〈 · |ψtη − ψt′η 〉‖+ ‖(ψtξ − ψt′ξ) 〈 · |ψt′η 〉‖ ≤
≤ ‖ψtξ‖ ‖ψtη − ψt′η‖+ ‖ψtξ − ψt′ξ‖ ‖ψt′η‖ ≤
≤ ‖ξ‖ ‖ψtη − ψt′η‖+ ‖ψtξ − ψt′ξ‖ ‖η‖ .
Thus by Proposition 1.2, the map
T −→ K
(
l2(I)
)
, t 7−→ ϕt(ξ 〈 · | η 〉)
is continuous.
The assertion follows now from the definition of KE(H) ([C] Definition
5.6.5.3).
b) follows from a) and Corollary 1.4 a).
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2 The C*-algebra C
(
T,K
(
l2(I)
))
Proposition 2.1 Let u ∈ C (T,K (l2(I))) and n ∈ IN.
a) The map θn(u) defined by
θn(u) : T −→ IR+ , t 7−→ θn(u(t))
(with the notation of [C] Definition 6.1.2.1) is continuous.
b) θn(u) = θn(u
∗) = θn(|u|).
c) If u is positive and f is a continuous increasing function on IR+ with
f(0) = 0 then θn(f(u)) = f(θn(u)).
a) follows from [C] Corollary 6.1.2.8.
b) follows from [C] Theorem 6.1.3.1 b).
c) follows from [C] Corollary 6.1.2.16.
Proposition 2.2 If ξ, η ∈ H then
θ1(ξ 〈 · | η 〉) : T −→ IR+ , t 7−→ ‖ψtξ‖ ‖ψtη‖
and θn(ξ 〈 · | η 〉) = 0 for all n ∈ IN \ {1}.
For n ∈ IN and t ∈ T , by Proposition 1.3 f), Proposition 1.5 a), and [C]
Proposition 6.1.2.3,
(θn(ξ 〈 · | η 〉))(t) = θn(ϕt(ξ 〈 · | η 〉)) =
= θn((ψtξ) 〈 · |ψtη 〉) =
{
‖ψtξ‖ ‖ψtη‖ if n = 1
0 if n 6= 1
.
Definition 2.3 We put for every ξ ∈ K and t ∈ T ,
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ξ(t):= (ξι(t))ι∈I ∈ l
2(I).
We put for every u ∈ C (T,K (l2(I))) and n ∈ IN
Un(u) := { t ∈ T | θn(u(t)) 6= 0 } ,
en(u) : T −→ IK , t 7−→
{
1 if t ∈ Un(u)
0 if t ∈ T \ Un(u)
.
A sequence (ξn)n∈IN in K is called u-orthonormal if for all m,n ∈ IN,
m ≤ n,
〈 ξm | ξn 〉 = δm,nen(u)
and the map
Un(u) −→ l
2(I), t 7−→ ξn(t)
is continuous. We extend the above notation and terminology to u ∈ KE(H)
by using Proposition 1.5 a).
If ξ ∈ H then ξ(t) = ψtξ for all t ∈ T .
Proposition 2.4 Let u ∈ C (T,K (l2(I))) and let (ξn)n∈IN be a u-orthonormal
sequence in K.
a) Un(u) is the union of a sequence of pairwise disjoint clopen sets of T
for every n ∈ IN.
b) ξn 〈 · | ξn 〉 is an orthogonal projection of KE(K) for every n ∈ IN and
(ξm 〈 · | ξm 〉)(ξn 〈 · | ξn 〉) = 0
for all distinct m,n ∈ IN.
a) If we denote for every k ∈ Z by Uk the closure of the interior of the
set {
t ∈ T | 2k ≤ θn(u(t)) < 2
k+1
}
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then (Uk)k∈Z is a countable set of pairwise disjoint clopen sets of T the union
of which is T .
b) For all m,n ∈ IN, m ≤ n,
(ξm 〈 · | ξm 〉)(ξn 〈 · | ξn 〉) = (ξm 〈 ξn | ξm 〉) 〈 · | ξn 〉 = δm,n ξm 〈 · | ξn 〉 .
Proposition 2.5 Let u be a selfadjoint element of C (T,K (l2(I))).
a) For every t ∈ T there is a representation
u(t) =
∑
α∈σ(u(t))
αpit,α,
where for every α ∈ σ(u(t)), pit,α is the orthogonal projection of l
2(I)
onto Ker (α1 − u(t)) (here 1 = idl2(I)) and pit,αpit,β = 0 for all distinct
α, β ∈ σ(u(t)).
b) Let t ∈ T , α ∈ σ(u(t)), α 6= 0, ε > 0, and U a neighborhood of α such
that σ(u(t)) ∩ U¯ = {α} and |α− β| ≤ |α|ε
2
for all β ∈ U . Then there is
a neighborhood V of t such that for every t′ ∈ V ,∥∥∥∥∥∥
∑
β∈σ(u(t′))∩U
βpit′,β − αpit,α
∥∥∥∥∥∥ < ε ,
∥∥∥∥∥∥
∑
β∈σ(u(t′))∩U
pit′,β − pit,α
∥∥∥∥∥∥ < ε.
a) follows from [C] Theorem 5.5.6.1 a⇒c&e.
b) Let U ′ be a neighborhood of σ(u(t))\{α} such that U¯∩U¯ ′ = ∅. By [C]
Corollary 2.2.5.2, there is a neighborhood W of t such that σ(u(t′)) ⊂ U ∪U ′
for all t′ ∈ W . Let f ∈ C(IK)+, 0 ≤ f ≤ 1, f = 1 on U¯ , and f = 0 on U¯ ′. By
[C] Proposition 4.1.3.20, the map
T −→ K
(
l2(I)
)
, t′ 7−→ f(u(t′))
is continuous. Thus there is a neighborhood V of t, V ⊂ W , such that for
every t′ ∈ V ,
‖f(u(t′))− f(u(t))‖ < inf
{
ε,
|α|ε
2
}
.
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By [C] Theorem 5.5.6.1 a⇒f,
f(u(t)) = αpit,α , f(u(t
′)) =
∑
β∈σ(u(t′))∩U
βpit′,β.
It follows∥∥∥∥∥∥
∑
β∈σ(u(t′))∩U
βpit′,β − αpit,α
∥∥∥∥∥∥ = ‖f(u(t′))− f(u(t))‖ < inf
{
ε,
|α|ε
2
}
,
∥∥∥∥∥∥
∑
β∈σ(u(t′))∩U
pit′,β − pit,α
∥∥∥∥∥∥ = 1|α|
∥∥∥∥∥∥
∑
β∈σ(u(t′))∩U
αpit′,β − αpit,α
∥∥∥∥∥∥ ≤
≤
1
|α|
∥∥∥∥∥∥
∑
β∈σ(u(t′))∩U
(α− β)pit′,β
∥∥∥∥∥∥+ 1|α|
∥∥∥∥∥∥
∑
β∈σ(u(t′))∩V
βpit′,β − αpit,α
∥∥∥∥∥∥ ≤
≤
|α− β|
|α|
+
1
|α|
|α|ε
2
≤ ε .
Lemma 2.6 Let η : T −→ l2(I) be a map such that the map
T −→ K
(
l2(I)
)
, t 7−→ η(t) 〈 · | η(t) 〉
is continuous. Let t0 ∈ T with η(t0) 6= 0 and put
U := { t ∈ T | 〈 η(t0) | η(t) 〉 6= 0 } ,
ξ : U −→ l2(I) , t 7−→
〈 η(t0) | η(t) 〉
| 〈 η(t0) | η(t) 〉 |
η(t).
Then U is an open neighborhood of t0, ξ is continuous, ξ(t0) = η(t0), and
ξ(t) 〈 · | ξ(t) 〉 = η(t) 〈 · | η(t) 〉
for all t ∈ U .
The map
T −→ IR+, t 7−→ 〈 η(t) 〈 η(t0) | η(t) 〉 | η(t0) 〉 = | 〈 η(t) | η(t0) 〉 |
2
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is continuous so
lim
t→t0
| 〈 η(t0) | η(t) 〉 | = | 〈 η(t0) | η(t0) 〉 | 6= 0.
Thus U is an open neighborhood of t0, ξ is continuous, ξ(t0) = η(t0), and
ξ(t) 〈 · | ξ(t) 〉 = η(t) 〈 · | η(t) 〉
for all t ∈ U .
Corollary 2.7 Let u be a positive element of C (T,K (l2(I))).
a) For every t ∈ T there are an initial segment Nt of IN and an orthonor-
mal family (ηt,n)n∈Nt in l
2(I) such that ηt,n = 0 for all t ∈ T \ Un(u)
and
u(t) =
∑
n∈Nt
θn(u(t)) ηt,n 〈 · | ηt,n 〉 .
b) Let t0 ∈ T such that Nt0 is finite and let U be a neighborhood of t0 such
that Nt = Nt0 for all t ∈ U . Then there is a neighborhood V of t0 and
for every n ∈ Nt0 a continuous map
ξn : V −→ l
2(I)
such that for every t ∈ V , (ξn(t))n∈Nt0 is an orthonormal family in
l2(I) and
ξn(t) 〈 · | ξn(t) 〉 = ηt,n 〈 · | ηt,n 〉 .
a) follows from [C] Corollary 6.1.2.13 a⇒ b&c.
b) followsProposition 2.5 b) and Lemma 2.6.
Proposition 2.8 If u is a positive element of C (T,K (l2(I))) then there is
a u-orthonormal sequence (ξn)n∈IN in K such that for every
t ∈ T \
⋃
n∈IN
(
Un(u) \ Un(u)
)
,
u(t) =
∑
n∈IN
θn(u(t)) (ξn(t)) 〈 · | ξn(t) 〉 (in K
(
l2(I)
)
).
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By Corollary 2.7 a), for every t ∈ T there is an initial segment Nt of
IN and an orthonormal family (ξt,n)n∈Nt in l
2(I) such that ξt,n = 0 for all
t ∈ T \ Un(u) and n ∈ Nt and
u(t) =
∑
n∈Nt
θn(u(t)) ξt,n 〈 · | ξt,n 〉 (in K (l
2(I))).
For every k ∈ IN, let fk ∈ C(IR+) with 0 ≤ fk ≤ 1, fk = 0 on [0,
1
2k
], fk = 1
on [ 1
k
,∞]. By [C] Proposition 4.1.3.20, for every k ∈ IN the map
T −→ K
(
l2(I)
)
, t 7−→ fk(u(t))
is continuous. By Proposition 2.1 c), for t ∈ T ,
fk(u(t)) =
∑
n∈Nt
fk(θn(u(t))) ξt,n 〈 · | ξt,n 〉 .
By Proposition 2.1 a), (θn(u))n∈IN is a decreasing sequence of continuous real
functions on T with infimum 0, so by Dini’s theorem it converges uniformly
to 0 on T . Thus by Proposition 2.1 c), for every k ∈ IN there is an m ∈ IN
such that
θm(fk(u)) = 0.
Since T is hyperstonian and since Un(u) is the union of a sequence of clopen
sets of T (Proposition 2.4 a)), we may assume (by Corollary 2.7 b)) that for
every n ∈ IN there is a ξn ∈ K such that the map
Un(u) −→ l
2(I), t 7−→ ξn(t)
is continuous, with 〈 ξn | ξn 〉 = en(u) and ξn(t) 〈 · | ξn(t) 〉 = ξt,n 〈 · | ξt,n 〉 for
all t ∈ T . Moreover for m,n ∈ IN, m < n, and t ∈ Un(u),
ξm(t) 〈 · | ξn(t) 〉 〈 ξn(t) | ξm(t) 〉 = (ξm(t) 〈 · | ξm(t) 〉) ◦ (ξn(t) 〈 · | ξn(t) 〉) =
= (ξt,m 〈 · | ξt,m 〉) ◦ (ξt,n 〈 · | ξt,n 〉) = ξt,m 〈 · | ξt,n 〉 〈 ξt,n | ξt,m 〉 = 0.
By Proposition 2.2, 〈 ξn(t) | ξm(t) 〉 = 0 so 〈 ξn | ξm 〉 = 0. Thus (ξn)n∈IN is
u-orthonormal.
Theorem 2.9 Let u ∈ KE(H) (⊂ KE(K)).
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a) If u is positive then there is a u-orthonormal sequence (ξn)n∈IN in K
such that
u =
∑
n∈IN
θn(u) ξn 〈 · | ξn 〉 (in KE(K)).
In this case uξn = θn(u)ξn ∈ H for all n ∈ IN.
b) There are u-orthonormal sequences (ξn)n∈IN and (ηn)n∈IN in K such that
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉 (in KE(K)).
The above identities are called Schatten decomposition of u.
By [C] Theorem 5.6.3.5 b), LE (K) is a W*-algebra with
...
K as predual.
a) Let (ξn)n∈IN be the u-orthonormal sequence inK defined in Proposition
2.8. By Proposition 2.4 b), for k,m ∈ IN, k ≤ m,
m∑
n=k
θn(u) ξn 〈 · | ξn 〉 ≤ θk(u)
m∑
n=k
ξn 〈 · | ξn 〉 ≤ θk(u),
so the sequence (θn(u) ξn 〈 · | ξn 〉)n∈IN is summable in KE(K). By Proposition
2.8 (and [C] Definition 5.6.3.2),
u =
∑
n∈IN
θn(u) ξn 〈 · | ξn 〉
in LE (K) with respect to its weak topology associated to the duality〈
LE (K) ,
...
K
〉
,
so
u =
∑
n∈IN
θn(u) ξn 〈 · | ξn 〉 (in KE(K)).
From uξn = θn(u)ξn it follows
(uξn)(t) = θn(u(t))ξn(t)
for all t ∈ T . Thus the map
T −→ IK, t 7−→ 〈 (uξn)(t) | (uξn)(t) 〉 = θn(u(t))
2 〈 ξn(t) | ξn(t) 〉
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is continuous and uξn ∈ H .
b) By a) (and Proposition 2.1 b)), there is a u-orthonormal sequence
(ηn)n∈IN in K such that
|u| =
∑
n∈IN
θn(u) ηn 〈 · | ηn 〉 (in KE(K)).
Let u = w|u| be the polar representation of u ([C] Theorem 4.4.3.1). Then
u =
∑
n∈IN
θn(u) (wηn) 〈 · | ηn 〉 (in KE(K)).
For m,n ∈ IN, m ≤ n, since w∗w is the carrier of |u| and
|u|ηn = θn(u)ηn,
θn(u) 〈wηn |wηn 〉 = 〈 ηn |w
∗wθn(u)ηn 〉 = 〈 ηn |w
∗w|u|ηn 〉 =
= 〈 ηn | |u|ηn 〉 = θn(u) 〈 ηn | ηn 〉 ,
so by Proposition 2.4 b),
〈wηm |wηn 〉 = δm,nen(u).
Thus if we put ξn := wηn for every n ∈ IN then
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉 (in KE(K)).
Let n ∈ IN. Since the map
Un(u) −→ l
2(I), t 7−→ ηn(t)
is continuous, the map
Un(u) −→ l
2(I), t 7−→ uηn(t)
is also continuous. From
uηn = θn(u)ξn,
it follows that the map
Un(u) −→ l
2(I), t 7−→ ξn(t)
os continuous. Thus (ξn)n∈IN is a u-orthonormal sequence in K.
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Proposition 2.10 Let A be a dense set of T and (θn)n∈IN be a decreasing
sequence in E+ such that
lim
n→∞
θn(t) = 0
for every t ∈ A. Let further (ξn,t)(n,t)∈IN×A and (ηn,t)(n,t)∈IN×A be families in
l2(I) such that (ξn,t)n∈Nt and (ηn,t)n∈Nt are orthonormal families in l
2(I) for
all t ∈ A, where
Nt := {n ∈ IN | ξn,t 6= 0 } = {n ∈ IN | ηn,t 6= 0 } .
If for an u ∈ KE(H),
ϕtu =
∑
n∈IN
θn(t) ξn,t 〈 · | ηn,t 〉
(
in K
(
l2(I)
))
for all t ∈ A then θn(u) = θn for all n ∈ IN.
By [C] Proposition 6.1.2.11, for t ∈ A,
(θn(u))(t) = θn(ϕtu) = θn(t),
so θn(u) = θn, since θn(u) is continuous (Proposition 2.1 a)).
Corollary 2.11 Let u ∈ KE(H) and let
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u.
a)
u∗ =
∑
n∈IN
θn(u) ηn 〈 · | ξn 〉
is a Schatten decomposition of u∗.
b) θn(u
∗u) = θn(u)
2 for every n ∈ IN and
u∗u =
∑
n∈IN
θn(u)
2 ηn 〈 · | ηn 〉
is a Schatten decomposition of u∗u.
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c) Let N be a subset of IN and
v :=
∑
n∈N
θn(u) ξn 〈 · | ηn 〉 .
If M is an initial segment of IN and f : M −→ N is an increasing
bijective map then
θn(v) =
{
θf(n)(u) if n ∈M
0 if n ∈ IN \M
.
a) By [C] Proposition 5.6.5.2 a),
u∗ =
∑
n∈IN
θn(u) ηn 〈 · | ξn 〉 (in KE(K))
and the assertion follows from Proposition 2.1 b).
b) By a), for n ∈ IN,
u∗ξn =
∑
m∈IN
θm(u)ηm 〈 ξn | ξm 〉 = θn(u)ηn,
so
u∗u =
∑
n∈IN
θn(u) (u
∗ξn) 〈 · | ηn 〉 =
∑
n∈IN
θn(u)
2 ηn 〈 · | ηn 〉 .
If we put
η′n : T −→ l
2(I) , t 7−→
{
ηn(t) if t ∈ Un(u)
0 if T \ Un(u)
for every n ∈ IN then
ϕt(u
∗u) =
∑
n∈IN
(θn(u)
2)(t) η′n(t) 〈 · | η
′
n(t) 〉
for all t ∈ T and the assertion follows from Proposition 2.10.
c) The above defined sequence (θn(v))n∈IN is decreasing and converges to
0. Put
A := T \
⋃
n∈IN
(
Un(u) \ Un(u)
)
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and for every n ∈ IN and t ∈ A,
ξn,t :=
{
ξf(n)(t) if n ∈M
0 if n ∈ IN \M
, ηn,t :=
{
ηf(n)(t) if n ∈M
0 if n ∈ IN \M
.
Then for t ∈ A,
ϕt(v) =
∑
n∈N
(θn(u))(t) ξn(t) 〈 · | ηn(t) 〉) =
=
∑
n∈M
(θf(n)(u))(t) ξf(n)(t)
〈
·
∣∣ ηf(n)(t) 〉 = ∑
n∈IN
(θn(v))(t) ξn,t 〈 · | ηn,t 〉
and the assertion follows from Proposition 2.10.
3 The Banach spaces LpE(H)
Definition 3.1 We denote for every p ∈ [1,∞[ by LpE(H) the set of u ∈
KE(H) for which the sequence (θ
p
n)n∈IN is summable in E and define ‖·‖p by
‖·‖p : L
p
E(H) −→ IR+ , u 7−→
∥∥∥∥∥∑
n∈IN
θn(u)
p
∥∥∥∥∥
1
p
.
Moreover we put L∞
E
(H) := LE (H), L
0
E
(H) := KE(H), and define ‖·‖0 by
‖·‖0 : L
0
E(H) −→ IR+ , u 7−→ ‖u‖ = ‖θ1(u)‖ .
Proposition 3.2 Let u, v ∈ KE(H), 0 ≤ u ≤ v.
a) θn(u) ≤ θn(v) for all n ∈ IN.
b) If p, q ∈ [1,∞[, p ≤ q, and v ∈ LpE(H) then u ∈ L
q
E(H).
a) By Corollary 1.4 b), for t ∈ T , 0 ≤ ϕtu ≤ ϕtv and this implies
θn(ϕtu) ≤ θn(ϕtv) ([C] Definition 6.1.2.1).
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b) Let ζ ∈ H . By [C] Theorem 5.6.1.11 c),
〈 vζ | ζ 〉q = 〈 vζ | ζ 〉q−p 〈 vζ | ζ 〉p ≤ ‖v‖q−p ‖ζ‖2(q−p) 〈 vζ | ζ 〉p ,
so θn(v)
q ≤ ‖v‖q−p θn(v)
p for all n ∈ IN ([C] Definition 6.1.2.1) and therefore
v ∈ LqE(H). By a), u ∈ L
q
E(H).
Proposition 3.3 Let p ∈ [1,∞[.
a) If u ∈ KE(H)+ then
u ∈ LpE(H)⇐⇒ u
p ∈ L1E(H) =⇒ ‖u‖
p
p = ‖u
p‖1 .
b) If u ∈ KE(H) then
u ∈ LpE(H)⇐⇒ u
∗ ∈ LpE(H)⇐⇒ |u| ∈ L
p
E(H) =⇒
=⇒ ‖u‖p = ‖u
∗‖p = ‖ |u| ‖p .
a) By Proposition 2.1 c), θn(u
p) = θn(u)
p for all n ∈ IN.
b) follows from Proposition 2.1 b).
Definition 3.4 We denote by Ω the set of sequences (ζn)n∈IN in K such
that:
1. For every n ∈ IN there is a closed nowhere dense set Fn of T such that
the map
T \ Fn −→ l
2(I), t 7−→ ζn(t)
is continuous.
2. (ζn(t))n∈Nt is an orthonormal family in l
2(I) for all t ∈ T , where
Nt := {n ∈ IN | ζn(t) 6= 0 } .
Proposition 3.5 Let p ∈ [1,∞[.
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a) If u ∈ LpE(H) then∑
n∈IN
θn(u)
p = sup
{∑
n∈IN
| 〈uζn | ζ
′
n 〉 |
p (ζn)n∈IN, (ζ
′
n)n∈IN ∈ Ω
}
.
b) If u is a positive element of LpE(H) then∑
n∈IN
θn(u)
p = sup
{∑
n∈IN
〈 uζn | ζn 〉
p (ζn)n∈IN ∈ Ω
}
.
a) Let
u =
∑
n∈N
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u and put for every n ∈ IN
ξ′n : T −→ l
2(I) , t 7−→
{
ξn(t) if t ∈ Un(u)
0 if t ∈ T \ Un(u)
,
η′n : T −→ l
2(I) , t 7−→
{
ηn(t) if t ∈ Un(u)
0 if t ∈ T \ Un(u)
.
Then (ξ′n)n∈IN, (η
′
n)n∈IN ∈ Ω, so∑
n∈IN
θn(u)
p =
∑
n∈IN
| 〈uηn | ξn 〉 |
p =
∑
n∈IN
| 〈uη′n | ξ
′
n 〉 |
p ≤
≤ sup
{∑
λ∈L
| 〈uζλ | ζ
′
λ 〉 |
p (ζλ)λ∈L, (ζ
′
λ)λ∈L ∈ Ω
}
.
Let (ζn)n∈IN, (ζ
′
n)n∈IN ∈ Ω and t ∈ T . We put for all m,n ∈ IN,
αm,n := 〈 ξn(t) | ζ
′
m(t) 〉 〈 ζm(t) | ηn(t) 〉 .
If m ∈ IN then∑
n∈IN
|αm,n| =
∑
n∈IN
| 〈 ξn(t) | ζ
′
m(t) 〉 〈 ζm(t) | ηn(t) 〉 | ≤
≤
(∑
n∈IN
| 〈 ξn(t) | ζ
′
m(t) 〉 |
2
) 1
2
(∑
n∈IN
| 〈 ζm(t) | ηn(t) 〉 |
2
) 1
2
≤
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≤ ‖ζ ′m(t)‖ ‖ζm(t)‖ ≤ 1.
If n ∈ IN then∑
m∈IN
|αm,n| =
∑
m∈IN
| 〈 ξn(t) | ζ
′
m(t) 〉 〈 ζm(t) | ηn(t) 〉 | ≤
≤
(∑
m∈IN
| 〈 ξn(t) | ζ
′
m(t) 〉 |
2
) 1
2
(∑
m∈IN
| 〈 ζm(t) | ηn(t) 〉 |
2
) 1
2
≤
≤ ‖ξn(t)‖ ‖ηn(t)‖ ≤ 1.
For m ∈ IN,
〈 (ϕtu)ζm(t) | ζ
′
m(t) 〉 =
∑
n∈IN
θn(ϕt(u)) 〈 ξn(t) | ζ
′
m(t) 〉 〈 ζm(t) | ηn(t) 〉 .
By [C] Lemma 6.1.3.9,∑
n∈IN
| 〈 (ϕtu)ζn(t) | ζ
′
n(t) 〉 |
p ≤
∑
n∈IN
θn(ϕtu)
p.
Since
〈 (ϕtu)ζn(t) | ζ
′
n(t) 〉 = (〈 uζn | ζ
′
n 〉)(t)
for all t ∈ T \
⋃
n∈IN
Fn, we get
∑
n∈IN
| 〈uζn | ζ
′
n 〉 |
p ≤
∑
n∈IN
θn(u)
p,
sup
{∑
n∈IN
| 〈uζn | ζ
′
n 〉 |
p (ζn)n∈IN, (ζ
′
n)n∈IN ∈ Ω
}
≤
∑
n∈IN
θn(u)
p.
b) The proof is similar to the proof of a).
Theorem 3.6 Let p ∈ [1,∞[.
a) LpE(H) is a vector subspace of KE(H) and the map
LpE(H) −→ IR+, u 7−→ ‖u‖p
is a norm. We always consider LpE(H) endowed with this norm.
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b) LpE(H) is complete.
c) If u ∈ LpE(H) and
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
is a Schatten decomposition of u with ξn, ηn ∈ H for all n ∈ IN then
the above sum converges in LpE(H).
a) Let u, v ∈ LpE(H). By [C] Proposition 6.1.2.5, for n ∈ IN,
θ2n−1(u+ v) ≤ θn(u) + θn(v),
θ2n(u+ v) ≤ θn(u) + θn+1(v),
so
θ2n−1(u+ v)
p ≤ (θn(u) + θn(v))
p ≤ 2p−1(θn(u)
p + θn(v)
p),
θ2n(u+ v)
p ≤ (θn(u) + θn+1(v))
p ≤ 2p−1(θn(u)
p + θn+1(v)
p).
Thus u+ v ∈ LpE(H). Let (ξn)n∈IN , (ηn)n∈IN ∈ Ω. By Proposition 3.5 a),(∑
n∈IN
| 〈 (u+ v)ξn | ηn 〉 |
p
) 1
p
=
(∑
n∈IN
| 〈uξn | ηn 〉+ 〈 vξn | ηn 〉 |
p
) 1
p
≤
≤
(∑
n∈IN
| 〈uξn | ηn 〉 |
p
) 1
p
+
(∑
n∈IN
| 〈 vξn | ηn 〉 |
p
) 1
p
≤ ‖u‖p + ‖v‖p ,
‖u+ v‖p ≤ ‖u‖p + ‖v‖p .
b) Let (un)n∈IN be a Cauchy sequence in L
p
E(H). Then (un)n∈IN converges
in KE(H) to a u. Let ε > 0. There is an n0 ∈ IN such that
‖um − un‖p < ε
for all m,n ∈ IN \ INn0 . Let (ξk)k∈IN , (ηk)k∈IN ∈ Ω. By a) and Proposition 3.5
a), ∥∥∥∥∥∑
k∈IN
| 〈 (um − un)ξk | ηk 〉 |
p
∥∥∥∥∥ ≤ ‖um − un‖pp < εp
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for all m,n ∈ IN \ INn0 . Hence∥∥∥∥∥∑
k∈IN
| 〈 (un − u)ξk | ηk 〉 |
p
∥∥∥∥∥ < εp
for all n ∈ IN \ INn0 . By a) and Proposition 3.5 a), again,
un − u ∈ L
p
E(H) , u ∈ L
p
E(H) , ‖un − u‖p < ε
for all n ∈ IN \ INn0 . Thus (un)n∈IN converges to u ∈ L
p
E(H) and L
p
E(H) is
complete.
c) By Corollary 2.11 c), for n0 ∈ IN,∥∥∥∥∥
∞∑
n=n0
θn(u) ξn 〈 · | ηn 〉
∥∥∥∥∥
p
=
(
∞∑
n=n0
θn(u)
p
) 1
p
.
Corollary 3.7 If p ∈ [1,∞[, u ∈ LpE(H), and v, w ∈ LE (H) then
vuw ∈ LpE(H) , ‖vuw‖p ≤ ‖v‖ ‖u‖p ‖w‖ .
By Proposition 1.3 d) and [C] Corollary 6.1.3.13 a), for t ∈ T and n ∈ IN,
θn(ϕt(vuw)) = θn((ϕtv)(ϕtu)(ϕtw)) ≤
≤ ‖ϕtv‖ θn(ϕtu) ‖ϕtw‖ ≤ ‖v‖ θn(ϕtu) ‖w‖
and the assertion follows.
Corollary 3.8 Let p ∈ {0} ∪ [1,∞[ and let q ∈ [1,∞] be the conjugate
exponent of p.
a) If u ∈ LpE(H) and v ∈ L
q
E(H) then
uv, vu ∈ L1E(H),
‖uv‖1 ≤ ‖u‖p ‖v‖q , ‖vu‖1 ≤ ‖u‖p ‖v‖q (Ho¨lder inequality).
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b) For every u ∈ LpE(H) there is a v ∈ L
q
E(H) such that
‖uv‖1 = ‖vu‖1 = ‖u‖p ‖v‖q .
a) By Corollary 3.7 we may assume p ∈]1,∞[. By [C] Corollary 6.1.2.7,
for n ∈ IN,
θ2n−1(uv) ≤ θn(u)θn(v), θ2n(uv) ≤ θn(u)θn+1(v),
so for N ⊂ IN,
∑
n∈N
θ2n−1(uv) ≤
∑
n∈N
θn(u)θn(v) ≤
(∑
n∈N
θn(u)
p
) 1
p
(∑
n∈N
θn(v)
q
) 1
q
,
∑
n∈N
θ2n(uv) ≤
∑
n∈N
θn(u)θn+1(v) ≤
(∑
n∈N
θn(u)
p
) 1
p
(∑
n∈N
θn+1(v)
q
) 1
q
.
Thus (θn(uv))n∈IN is summable in E and uv ∈ L
1
E(H). By [C] Theorem
6.1.3.21, for t ∈ T ,
∑
n∈IN
θn(ϕt(uv)) ≤
(∑
n∈IN
θn(ϕt(u))
p
) 1
p
(∑
n∈IN
θn(ϕt(v))
q
) 1
q
,
‖uv‖1 ≤ ‖u‖p ‖v‖q .
The assertion for vu follows.
b) Let
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u. If p = 1 then we may take v = idH .
Assume p = 0. Put
v := η1 〈 · | ξ1 〉 .
By Proposition 2.2, v ∈ L1E(H), ‖v‖1 = 1,
uv =
∑
n∈IN
θn(u) (ξn 〈 · | ηn 〉)(η1 〈 · | ξ1 〉) =
=
∑
n∈IN
θn(u) ξn 〈 η1 | ηn 〉 〈 · | ξ1 〉 = θ1(u) ξ1 〈 · | ξ1 〉 ,
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vu =
∑
n∈IN
θn(u) (η1 〈 · | ξ1 〉)(ξn 〈 · | ηn 〉) =
=
∑
n∈IN
θn(u) η1 〈 ξn | ξ1 〉 〈 · | ηn 〉 = θ1(u) η1 〈 · | η1 〉 .
Thus (by Proposition 2.2)
‖uv‖1 = ‖vu‖1 = ‖θ1(u)‖ = ‖u‖p ‖v‖q .
Assume now p ∈]1,∞[. Put
v :=
∑
n∈IN
θn(u)
p
q ηn 〈 · | ξn 〉 (in KE(K)).
By Corollary 2.11 c), θn(v) = θn(u)
p
q for every n ∈ IN so
v ∈ LqE(H), ‖v‖
q
q = ‖u‖
p
p .
For n ∈ IN,
uηn = θn(u)ξn, vξn = θn(u)
p
q ηn,
so
uv =
∑
n∈IN
θn(u)
p
q
+1 ξn 〈 · | ξn 〉 , vu =
∑
n∈IN
θn(u)
1+ p
q ηn 〈 · | ηn 〉 .
By Corollary 2.11 c),
θn(uv) = θn(vu) = θn(u)
p
q
+1 = θn(u)
p,
‖uv‖1 = ‖vu‖1 =
∑
n∈IN
θn(u)
p = ‖u‖pp =
= ‖u‖p ‖u‖
p−1
p = ‖u‖p ‖v‖
q
p
(p−1)
q = ‖u‖p ‖v‖q .
4 The trace
Proposition 4.1 Let (θn)n∈IN be a summable sequence in E+ and let (ξn)n∈IN
and (ηn)n∈IN be sequences in K
#.
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a) (θn ξn 〈 · | ηn 〉)n∈IN is summable in KE(K); we put
u :=
∑
n∈IN
θn ξn 〈 · | ηn 〉 .
b) For every Fourier basis A of K ([C] Definition 5.6.3.11)∑
n∈IN
θn 〈 ξn | ηn 〉 =
∑
ζ∈A
〈uζ | ζ 〉 .
a) By [C] Proposition 5.6.5.2 a),
‖ξn 〈 · | ηn 〉‖ ≤ ‖ξn‖ ‖ηn‖ ≤ 1
for every n ∈ IN.
b) For ζ ∈ A,
〈uζ | ζ 〉 =
∑
n∈IN
θn 〈 ξn | ζ 〉 〈 ζ | ηn 〉 .
By [C] Theorem 5.6.3.13 f), since the above sum converges uniformly,∑
ζ∈A
〈uζ | ζ 〉 =
∑
ζ∈A
∑
n∈IN
θn 〈 ξn | ζ 〉 〈 ζ | ηn 〉 =
=
∑
n∈IN
θn
∑
ζ∈A
〈 ξn | ζ 〉 〈 ζ | ηn 〉 =
∑
n∈IN
θn 〈 ξn | ηn 〉 .
Definition 4.2 Let u ∈ L1E(H) and let
u :=
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u. We put
tr u :=
∑
n∈IN
θn(u) 〈 ξn | ηn 〉 ∈ E
and call it the trace of u (by Proposition 4.1 b) the trace of u does not
depend on the chosen Schatten decomposition of u).
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Corollary 4.3 Given u ∈ LE (K) and ξ, ξ
′, η, η′ ∈ K,
tr (ξ 〈 · | η 〉) = 〈 ξ | η 〉 ,
tr (u ◦ (ξ 〈 · | η 〉)) = 〈uξ | η 〉 = tr ((ξ 〈 · | η 〉) ◦ u),
tr ((ξ 〈 · | η 〉) ◦ (ξ′ 〈 · | η′ 〉)) = 〈 ξ | η′ 〉 〈 ξ′ | η 〉 .
[C] Proposition 5.6.5.2 d), e).
Proposition 4.4 We put for all u ∈ LE (H) and x ∈ E,
ux : H −→ H , ξ 7−→ (uξ)x = u(ξx).
Then ux ∈ LE (H), (ux)
∗ = u∗x∗, and ‖ux‖ ≤ ‖u‖ ‖x‖ for all u ∈ LE (H)
and x ∈ E,
For ξ, η ∈ H ,
〈 (ux)ξ | η 〉 = 〈 (uξ)x | η 〉 = 〈uξ | η 〉x =
= 〈 ξ |u∗η 〉x = 〈 ξ | (u∗η)x∗ 〉 = 〈 ξ | (u∗x∗)η 〉 ,
so ux ∈ LE (H) and (ux)
∗ = u∗x∗. For ξ ∈ H ,
‖(ux)ξ‖ = ‖(uξ)x‖ ≤ ‖uξ‖ ‖x‖ ≤ ‖u‖ ‖ξ‖ ‖x‖ ,
so ‖ux‖ ≤ ‖u‖ ‖x‖.
Corollary 4.5 The map
L1E(H) −→ E, u 7−→ tr u
is linear, involutive, positive, and continuous with norm 1 (Theorem 3.6 a))
and
‖tr u‖ = ‖u‖1
for every positive element of L1E(H). Moreover for all u ∈ L
1
E(H) and x ∈ E
(Proposition 4.4),
tr (ux) = (tr u)x.
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tr is linear (Proposition 4.1 b)), involutive (Corollary 2.11 a)), and con-
tinuous with norm at most 1 ([C] proposition 5.6.5.2 a)). By Definition 4.2,
tr is positive and
‖tr u‖ = ‖u‖1
If A is a Fourier basis of K then by Proposition 4.1 b) ,
tr (ux) =
∑
ζ∈A
〈 (ux)ζ | ζ 〉 =
(∑
ζ∈A
〈uζ | ζ 〉
)
x = (tr u)x.
Corollary 4.6 If u ∈ KE(H)+ and p ∈ [1,∞[ then
u ∈ LpE(H)⇐⇒ u
p ∈ L1E(H) =⇒ ‖u‖p = (tr u
p)
1
p .
By Proposition 3.3 a), u ∈ LpE(H) iff u
p ∈ L1E(H) and
‖u‖pp = ‖u
p‖1 .
By Corollary 4.5,
‖u‖p = (tr u
p)
1
p .
Proposition 4.7 If u ∈ L1E(H) and v ∈ LE (H) then (Corollary 3.7)
tr (uv) = tr (vu).
Let
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u. By [C] Proposition 5.6.5.2 d),e) (and [C]
Theorem 5.6.4.7 d)),
tr (vu) = tr
∑
n∈IN
θn(u) (vξn) 〈 · | ηn 〉 =
∑
n∈IN
θn(u) 〈 vξn | ηn 〉 =
=
∑
n∈IN
θn(u) 〈 ξn | v
∗ηn 〉 = tr
∑
n∈IN
θn(u) ξn 〈 · | v
∗ηn 〉 = tr (uv).
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5 Hilbert-Schmidt operators
Definition 5.1 The elements of L2E(H) are called Hilbert-Schmidt op-
erators on H.
Proposition 5.2 L2E(H) endowed with the exterior multiplications (Corol-
lary 3.7)
LE (H)×L
2
E(H) −→ L
2
E(H), (w, u) 7−→ wu,
L2E(H)×LE (H) −→ L
2
E(H), (u, w) 7−→ uw
and with the inner-product (Corollary 3.8 a))
〈 · | · 〉 : L2E(H)×L
2
E(H) −→ LE (H) , (u, v) 7−→ v
∗u
is a unital Hilbert LE (H)-module ([C] Definition 5.6.1.4).
For u, v ∈ L2E(H) and w ∈ LE (H),
〈u | v 〉∗ = (v∗u)∗ = u∗v = 〈 v |u 〉 ,
〈 uw | v 〉 = v∗(uw) = (v∗u)w = 〈 u | v 〉w,
〈wu | v 〉 = v∗(wu) = (w∗v)∗u = 〈 u |w∗v 〉 ,
〈wu |wu 〉 = u∗w∗wu ≤ ‖w‖2 u∗u = ‖w‖2 〈 u |u 〉 ,
1LE(H)u = u.
Moreover if IK = IR,
(〈 u |u 〉+ 〈 v | v 〉 , 〈 v | u 〉 − 〈 u | v 〉) = (u∗u+ v∗v, u∗v − v∗u) = (u, v)∗(u, v)
is a positive element of the complexification of LE (H).
Proposition 5.3 For every u ∈ KE(H),
u ∈ L2E(H)⇐⇒ u
∗u ∈ L1E(H) =⇒ ‖u
∗u‖1 = ‖u‖
2
2 .
28
If u ∈ L2E(H) then by Corollary 2.11 b), u
∗u ∈ L1E(H) and
‖u∗u‖1 =
∑
n∈IN
θn(u
∗u) =
∑
n∈IN
θn(u)
2 = ‖u‖22 .
If u∗u ∈ L1E(H) then by Corollary 2.11 b), (θn(u)
2)n∈IN is summable in E so
u ∈ L2E(H).
Theorem 5.4
a) u, v ∈ L2E(H) =⇒ v
∗u ∈ L1E(H).
b) L2E(H) endowed with the exterior multiplication (Proposition 4.4)
L2E(H)× E −→ L
2
E(H), (u, x) 7−→ ux
and with the inner-product (a))
〈 · | · 〉 : L2E(H)× L
2
E(H) −→ E , (u, v) 7−→ tr (v
∗u)
is a Hilbert right E-module with norm ‖·‖2.
c) u, v ∈ L2E(H) =⇒ 〈u | v 〉 = 〈 v
∗ |u∗ 〉.
a) follows from the Ho¨lder inequality.
b) For u, v ∈ L2E(H) and x ∈ E, by Corollary 4.5 and Proposition 5.3,
〈ux | v 〉 = tr (v∗ux) = tr (v∗u)x = 〈u | v 〉x,
〈 u | v 〉 = tr (v∗u) = (tr (u∗v))∗ = 〈 v |u 〉∗ ,
〈 u |u 〉 = tr (u∗u) ∈ E+, ‖〈 u |u 〉‖ = ‖u‖
2
2 .
c) By Proposition 4.7,
〈 u | v 〉 = tr (v∗u) = tr (uv∗) = 〈 v∗ |u∗ 〉 .
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6 Duals of LpE(H)-spaces
Proposition 6.1 Let p ∈ [1,∞[ and let F be the set of u ∈ LpE(H) for which
there is a Schatten decomposition
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
such that (ξn)n∈IN and (ηn)n∈IN are sequences in H. Then F is dense in
LpE(H).
Let u ∈ LpE(H) and let
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u. We put for all n, k ∈ IN,
Un,k :=
{
t ∈ T θn(t) >
1
kn2
}
,
en,k : T −→ IK , t 7−→
{
1 if t ∈ Un,k
0 if t ∈ T \ Un,k
,
uk :=
∑
n∈IN
θn(u) ξn 〈 · | ηnen,k 〉 =
∑
n∈IN
(θn(u)en,k) (ξnen,k) 〈 · | ηnen,k 〉 .
For k ∈ IN,
u− uk =
∑
n∈IN
θn(u) ξn 〈 · | ηn(1E − en,k) 〉 =
=
∑
n∈IN
(θn(u)(1E − en,k)) (ξn(1E − en,k)) 〈 · | ηn(1E − en,k) 〉 .
By Proposition 2.10, for n, k ∈ IN,
θn(u− uk) = θn(u)(1E − en,k) ≤
1
kn2
,
so (θn(u− uk)
p)n∈IN is summable in E and∑
n∈IN
θn(u− uk)
p ≤
1
kp
∑
n∈IN
1
n2p
.
Thus (uk)k∈IN converges to u in L
p
E(H) and this proves the assertion since
uk ∈ F for every k ∈ IN.
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Theorem 6.2 Let p ∈ {0} ∪ [1,∞[, q ∈ [1,∞] the conjugate exponent of
p, and L(LpE(H), E) the involutive Banach space of operators from L
p
E(H)
to E ([C] Proposition 2.3.2.22 a)), the involution being defined for every
φ ∈ L(LpE(H), E) by
φ∗ : LpE(H) −→ E , u 7−→ (φ(u
∗))∗ .
Further let G be the set of φ ∈ L(LpE(H), E) such that
1. u ∈ LpE(H), x ∈ E =⇒ φ(ux) = φ(u)x
2. For ξ ∈ H,
(φ(ξ 〈 · | eι 〉))ι∈I , (φ
∗(ξ 〈 · | eι 〉))ι∈I ∈ H,
where for every ι ∈ I,
eι := (δι,λ1E)λ∈I (∈ H).
a) G is an involutive vector subspace of L(LpE(H), E).
b) If we put for every v ∈ LqE(H) (by the Ho¨lder inequality and Proposi-
tion 4.7)
v˜ : LpE(H) −→ E , u 7−→ tr (uv) = tr (vu)
then v˜ ∈ G and the map
Ψ : LqE(H) −→ G , v 7−→ v˜
is an isomorphism of involutive Banach spaces.
a) is easy to see.
b) For u ∈ LpE(H), by Corollary 4.5 and the Ho¨lder inequality,
‖v˜(u)‖ = ‖tr (uv)‖ ≤ ‖uv‖1 ≤ ‖u‖p ‖v‖q ,
so ‖v˜‖ ≤ ‖v‖q and v˜ ∈ L(L
p
E(H), E). By Corollary 4.5, for u ∈ L
p
E(H) and
x ∈ E,
v˜(ux) = tr (vux) = tr (vu)x = v˜(u)x.
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For ξ ∈ H , by Corollary 4.3,
(v˜(ξ 〈 · | eι 〉))ι∈I = tr (v(ξ 〈 · | eι 〉))ι∈I = (〈 vξ | eι 〉)ι∈I = vξ ∈ H,
(v˜∗(ξ 〈 · | eι 〉))ι∈I = v
∗ξ ∈ H,
so v˜ ∈ G. Ψ is obviously linear. For u ∈ LpE(H), by Corollary 4.5,
v˜∗(u) = tr (uv∗) = (tr (vu∗))∗ = (v˜(u∗))∗ = v˜∗(u),
so v˜∗ = v˜∗ and Ψ is involutive. Moreover by Corollary 3.8, Ψ is norm
preserving. The only thing we have still to prove is the surjectivity of Ψ.
Let φ ∈ G and put ([C] Proposition 5.6.5.2 a))
v : H −→ H , ξ 7−→ (φ(ξ 〈 · | eι 〉))ι∈I ,
w : H −→ H , ξ 7−→ (φ∗(ξ 〈 · | eι 〉))ι∈I .
For ξ, η ∈ H , by 1. and [C] Proposition 5.6.5.2 a),c),
〈 vξ | η 〉 =
∑
ι∈I
〈 vξ | eι 〉 η
∗
ι =
∑
ι∈I
φ(ξ 〈 · | eι 〉)η
∗
ι = φ(ξ 〈 · | η 〉),
‖vξ‖2 = ‖〈 vξ | vξ 〉‖ = ‖φ(ξ 〈 · | vξ 〉)‖ ≤ ‖φ‖ ‖ξ‖ ‖vξ‖ ,
‖vξ‖ ≤ ‖φ‖ ‖ξ‖ , ‖v‖ ≤ ‖φ‖ .
For ι, λ ∈ I, by [C] Proposition 5.6.5.2 a),
〈 veλ | eι 〉 = φ(eλ 〈 · | eι 〉) = φ(eλ 〈 · | eι 〉)
∗∗ =
= (φ∗(eι 〈 · | eλ 〉))
∗ = 〈weι | eλ 〉
∗ = 〈 eλ |weι 〉 .
Thus v ∈ LE (H) and v
∗ = w. Let u ∈ LpE(H) and let
u =
∑
n∈IN
θn(u) ξn 〈 · | ηn 〉
be a Schatten decomposition of u with (ξn)n∈IN and (ηn)n∈IN sequences in H .
Then by the above and Theorem 3.6 c),
v˜(u) =
∑
n∈IN
θn(u) v˜(ξn 〈 · | ηn 〉) =
∑
n∈IN
θn(u)φ(ξn 〈 · | ηn 〉) = φ(u).
By Proposition 6.1, v˜ = φ and Ψ is surjective.
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7 Integral operators
Throughout this section S is a compact space, µ a positive Radon mea-
sure on S, (hι)ι∈I an orthonormal basis of L
2(µ), H := ©|
ι∈I
E, and
w ∈ C (S × S,E). Moreover ⊙ denotes the algebraic tensor product
Proposition 7.1 The linear map
L2(µ)⊙ E −→ H, f ⊗ x 7−→ (〈 f | hι 〉 x)ι∈I
can be extended to an isomorphism L2(µ) ⊗ E −→ H ([L] pages 34-35) of
Hilbert right modules.
We denote by Φ the above map. For (f, x), (g, y) ∈ L2(µ)×E and z ∈ E,
〈Φ(f ⊗ x) |Φ(g ⊗ y) 〉 = 〈 (〈 f |hι 〉x)ι∈I | 〈 g |hι 〉 y)ι∈I 〉 =
=
∑
ι∈I
y∗ 〈hι | g 〉 〈 f | hι 〉x = y
∗ 〈 f | g 〉 x = 〈 f ⊗ x | g ⊗ y 〉 ,
Φ((f ⊗ x)z) = Φ(f ⊗ (xz)) = (〈 f |hι 〉 (xz))ι∈I =
= (〈 f |hι 〉x)ι∈I z = (Φ(f ⊗ x))z,
i.e. Φ preserves the inner-product and the right multiplication so it can be
extended to a linear map
Ψ : L2(µ)⊗E −→ H
preserving the inner-product and the right multiplication. Moreover
Ψ(hλ ⊗ z) = (δλ,ιz)ι∈I
for all λ ∈ I and z ∈ E, so Ψ is surjective.
Lemma 7.2 The vector subspace of C (S × S,E) generated by maps of the
form
S × S −→ E, (r, s) 7−→ u(r)v(s),
where u ∈ C (S,E) and v ∈ C (S, IK) is dense in C (S × S,E).
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Let ε > 0. There are finite open coverings (Uj)j∈J , (Vk)k∈K of S such
that
‖w(r, s)− w(r′, s′)‖ < ε
for all (j, k) ∈ J ×K and (r, s), (r′, s′) ∈ Uj × Vk. Take rj ∈ Uj and sk ∈ Vk
for all j ∈ J and k ∈ K and let (fj)j∈J and (gk)k∈K be partitions of unity
subordinate to the coverings (Uj)j∈J and (Vk)k∈K of S, respectively. For
r, s ∈ S, ∥∥∥∥∥∥w(r, s)−
∑
(j,k)∈J×K
fj(r)gk(s)w(rj, sk)
∥∥∥∥∥∥ =
=
∥∥∥∥∥∥
∑
(j,k)∈J×K
fj(r)gk(s)(w(r, s)− w(rj, sk))
∥∥∥∥∥∥ ≤
≤
∑
(j,k)∈J×K
fj(r)gk(s)ε = ε.
If we put
uk : S −→ E , r 7−→
∑
j∈J
fj(r)w(rj, sk)
and vk := gk for all k ∈ K then for r, s ∈ S,∑
(j,k)∈J×K
fj(r)gk(s)w(rj, sk) =
∑
k∈K
(∑
j∈J
fj(r)w(rj, sk)
)
gk(s) =
=
∑
k∈K
uk(r)vk(s).
Definition 7.3 A function f : S × T −→ IK is called E-µ-integrable if
f(s, ·) ∈ E and f(·, t) ∈ L1(µ) for all (s, t) ∈ S × T and if the map
T −→ IK, t 7−→
∫
f(·, t) dµ
is continuous, i.e. it belongs to E. We denote this element of E by
∫
g dµ =
∫
g(s) dµ(s),
where
g : S −→ E , s 7−→ f(s, ·).
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Lemma 7.4 For every f ∈ L2(µ) the map
f˜ : S −→ E , r 7−→
∫
w(r, s)f(s) dµ(s)
is continuous.
Let r0 ∈ S and ε > 0. There is a neighborhood U of r0 such that
sup
s∈S
‖w(r, s)− w(r0, s)‖ < ε
for all r ∈ U . Then for r ∈ U ,∥∥∥f˜(r)− f˜(r0)∥∥∥ = ∥∥∥∥∫ (w(r, s)− w(r0, s))f(s) dµ(s)∥∥∥∥ ≤ ε ∫ |f(s)| dµ(s).
Lemma 7.5 We use the notation of Lemma 7.4.
a) The linear map
L2(µ)⊙ E −→ C (S,E) , f ⊙ x 7−→ f˜x
is continuous so it can be extended by continuity to an operator
L2(µ)⊗ E −→ C (S,E) .
b) The linear map
L2(µ)⊙E −→ H, f ⊙ x 7−→ f˜x
is continuous so it can be extended by continuity to an operator
w˜ : H −→ H.
a) Let (fj)j∈J and (xj)j∈J be finite families in L
2(µ) and E, respectively.
For r ∈ S, (∑
j∈J
f˜jxj
)
(r) =
∑
j∈J
∫
w(r, s)fj(s)xj dµ(s) =
35
=∫
w(r, s)
(∑
j∈J
fj(s)xj dµ(s)
)
≤
∫
|w(r, s)|
∑
j∈J
fj(s)xj dµ(s) ≤ ‖w‖
∫ ∑
j∈J
fj(s)xj dµ(s),
where
‖w‖ := sup
r,s∈S
‖w(r, s)‖ .
Thus (∑
j∈J
f˜jxj
)
(r) ≤ ‖w‖µ(S)
1
2
(∫ ∑
j∈J
fj(s)xj
2
dµ(s)
) 1
2
=
= ‖w‖µ(S)
1
2
(∑
j.k∈J
xjx
∗
k
∫
fj(s)fk(s) dµ(s)
) 1
2
=
= ‖w‖µ(S)
1
2
(∑
j,k∈J
〈 fj | fk 〉 〈xj | xk 〉
) 1
2
=
= ‖w‖µ(S)
1
2
〈∑
j∈J
(fj ⊗ xj)
∣∣∣∣∣∑
j∈J
(fj ⊗ xj)
〉 1
2
≤
≤ ‖w‖µ(S)
1
2
∥∥∥∥∥∑
j∈J
(fj ⊗ xj)
∥∥∥∥∥ .
b) By [W] T3.13,
C (S,E) ≈ C (S, IK)⊗ E
and by Proposition 7.1, L2(µ) ⊗ E ≈ H . The assertion follows from the
continuity of the inclusion C (S, IK)⊗E ⊂ L2(µ)⊗E.
Theorem 7.6 We use the notation of Lemma 7.5 b). w˜ ∈ L2E(H) (i.e. w˜
is a Hilbert Schmitt operator on H) and w˜∗ = w˜′, where
w′ : S × S −→ E , (r, s) 7−→ w(s, r)∗
and w˜′ is defined similarly to w˜.
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Step 1 w˜ ∈ LE (H) and w˜
∗ = w˜′
For (f, x), (g, y) ∈ L2(µ)×E,
〈 w˜(f ⊗ x) | g ⊗ y 〉 =
∫
y∗g(r)∗
(∫
w(r, s)f(s)x dµ(s)
)
dµ(r) =
=
∫
f(s)x
(∫
w(r, s)y∗g(r)∗ dµ(r)
)
dµ(s) =
=
∫
f(s)x
(∫
w(r, s)∗g(r)y dµ(r)
)∗
dµ(s) =
=
∫
f(s)x
(
w˜′(g ⊗ y)
)∗
(s) dµ(s) =
〈
f ⊗ x
∣∣∣ w˜′(g ⊗ y) 〉
so w˜ ∈ LE (H) and w˜
∗ = w˜′.
Step 2 w˜ ∈ KE(H)
By Lemma 7.2, we may assume that there are u ∈ C (S,E) and v ∈
C (S, IK) with
w : S × S −→ E , (r, s) 7−→ u(r)v(s).
For (f, x) ∈ L2(µ)×E,
w˜(f ⊗ x) =
∫
u v(s)f(s)x dµ(s) = u 〈 f | v¯ 〉 〈x | 1E 〉 =
= u 〈 f ⊗ x | v¯ ⊗ 1E 〉 = (u 〈 · | v¯ ⊗ 1E 〉)(f ⊗ x),
w˜ = u 〈 · | v¯ ⊗ 1E 〉 ∈ KE(H).
Step 3 w˜ ∈ L2E(H)
For t ∈ T ,
(w(·, ·))(t) ∈ C (S × S, IK) ⊂ L2(µ⊗ µ),
so we consider in the sequel (w(·, ·))(t) ∈ L2(µ⊗ µ).
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Let t0 ∈ T and ε > 0. There is a neighborhood U of t0 such that
sup
r,s∈S
|(w(r, s))(t)− (w(r, s))(t0)| < ε
for all t ∈ U . Then
‖(w(·, ·))(t)− (w(·, ·))(t0)‖
2
2 =
=
∫
|(w(r, s))(t)− (w(r, s))(t0)|
2 d(µ⊗ µ)(r, s) ≤ ε2µ(S)2
for all t ∈ U . Thus the map
T −→ L2(µ⊗ µ), t 7−→ (w(·, ·))(t)
is continuous. By [C] Proposition 6.1.4.9 a), the map
L2(µ⊗ µ) −→ L2
(
L2(µ)
)
, k 7−→
︷︸︸︷
k
is an isometry of Banach spaces. Since for all t ∈ T
ϕtw˜ =
︷ ︸︸ ︷
(w(·, ·)(t))
we get
(θn(w˜))(t) = θn(ϕtw˜) = θn(
︷ ︸︸ ︷
w(·, ·)(t))
for all n ∈ IN and so∑
n∈IN
(θn(w˜))(t)
2 =
∑
n∈IN
θn(
︷ ︸︸ ︷
w(·, ·)(t))2 = ‖(w(·, ·))(t)‖22 .
Thus the map
T −→ IR, t 7−→
∑
n∈IN
(θn(w˜))(t)
2
is continuous and w˜ ∈ L2E(H).
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